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SUB-WETTING LAYERCONTINUUM STATES IN QUANTUM
DOT SAMPLES
K. KRA´L AND P. ZDENEˇK
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Abstract. In the polar semiconductor samples of the self-organized quan-
tum dots, grown by the Stranski-Krastanow growth method, the lowest
energy extended states of the electronic excitations are assumed to be the
wetting-layer states. The coupling between these extended states and the
electronic states localized in the individual quantum dots, may influence
the optical spectra of such samples in the sub-wetting layer region of en-
ergy. This effect is studied assuming the Fro¨hlich’s coupling between the
electrons and polar optical phonons. The contribution of this interaction to
the appearence of the sub-wetting layer continuum in the optical spectra
and to the level broadening of the localized states, pointed out in some
experiments, is estimated.
1. Introduction
The semiconductor nanoparticles are promissing from the point of view of
both basic science and applications [1]. One of their significant features is
that the charge carriers can be localized within these nanoparticles. The
quantum dots are thus regarded as a realization of artificial atoms with
the nearly delta function-like spectral density of the electronic states. The
quantum dot aggregates are prepared very often by the Stranski-Krastanow
growth technique [1]. In the self-assembled quantum dot (SAQD) samples,
prepared by this method, the quantum dots are grown on the top of the
wetting layer (WL), with which the quantum dots interact. The optical
absorption spectra of nanoparticles dispersed in a polymer film, which also
seem to display an absorption continuum background increasing with the
energy of the absorbed photon [2, 3], are not discussed here.
2In the type I quantum dots [1] in the undoped SAQD samples, the
lowest energy excitations are the states with the electrons excited over
the semiconductor band gap to the conduction band electronic quantum
dot localized states, leaving the holes in the valence-band states of the
quantum dot. In the SAQD samples it is expected that the lowest energy
electronic excitations, which are not localized in the quantum dots, are the
excitations to the wetting layer states [4, 5]. The scheme of the electronic
states available to the electronic excitations in the SAQD samples is drawn
in the Fig. 1.
The electronic system can also be excited to the extended states belong-
ing to the substrate and to the electronic states in the cladding layers [6].
With a certain simplification, the electronic states localized in the quantum
dots can be expected to have a delta function like density of states. This
may be seen in contrast with experiments [4, 6, 7, 8, 9, 10, 11, 12, 13, 14]
showing that the spectral densities may be different from delta functions
and that the width of them may depend on the intensity of laser light ex-
citating the SAQD sample. Besides this observation, the experiments on
luminescence and optical absorption suggest that in the sub-wetting layer
energy region, where we expect only bound electronic states, a continuum
background is observed.
The continuous background, which seems characteristic of the SAQD
samples, occurs often in the measurements on samples with a rather high
density of the quantum dots and a large density of electrons excited to the
WL states [14]. The presence of high densities of charge carriers may lead us
to consider the electrostatic coupling among the charge carriers [15, 16, 17].
We shall not consider this mechanism in the present work. Also, we shall
neglect any direct coupling between quantum dots, like the electron tun-
neling [18], electrostatic coupling between the dots, or any other. Recently,
the Fro¨hlich’s coupling [19] between the electrons and dispersionless po-
lar optical phonons has been applied to the interpretation of the energy
relaxation of electrons in quantum dots [20, 21] and to other properties
[20, 22, 23]. The theory of the energy relaxation in the two level system
with the dispersionless phonons has recently been supported by an exact
calculation [24]. The purpose of this work is to show the possible contri-
bution of the Fro¨hlich’s coupling to the origin of the sub-WL continuous
background spectral density and to the electronic level broadening in the
SAQD samples.
2. The theoretical model of the SAQD system
Trying to study the optical spectra in the rather complicated samples, as
the SAQD are, we are led to make a number of simplifications, which make
3   
                       
                       
                       
                       
                       
                       
                       







                
                
                
                
                
                
                
                
                
                
                
                
                
                
                
                
                
                
                
                
                
                
                























LOE
En
E=0
WL states
Figure 1. Schematic picture of the energetic structure of the single-electron states in
the self-assembled quantum dot (SAQD) sample. The full line is the potential profile of
the electrons in the quantum dot. The dashed horizontal lines denote the states bound
in the quantum dots. The oblique hatched area denotes the extended electronic states in
the wetting-layer. The horizontal hatching marks the sub-wetting layer area of electronic
energies. En is the energy of a selected bound state in the sub-wetting layer energy region,
ELO is optical phonon energy.
the problem tractable, but which hopefully do not influence principally the
main conclusions of the work. Dealing with the electron-phonon Fro¨hlich’s
interaction we shall neglect the influence of the interfaces in the SAQD
heterostructure on the structure of the optical phonons. From the reasons
given e. g. in the ref. [25] we shall simply assume that the charge carriers
interact with the dispersionless longitudinal phonons of the bulk crystal of
GaAs. Neglecting the effect of the electrostatic interaction among electrons
and holes, we neglect also the exciton effect. We shall assume the limit of
very heavy holes, in which their influence is reduced only to the static elec-
trostatic field contributing to the effective potential in which the electrons
move in the quantum dot potential in the conduction band.
In order that the details of the present model Hamiltonian are better
understood, let us remind the principal features of the structure of the
SAQD sample. With a certain simplification, in the Stranski-Krastanow
method the surface of a substrate is first covered by a thin layer of the ma-
terial, called wetting-layer, from which the quantum dots are to be grown.
After depositing this layer the sample is left to obey a spontaneous process.
4In this process the wetting layer changes its structure, namely, due to the
difference in the lattice constant between the substrate material and that
of the wetting layer, the wetting layer starts to become thinner and the
material of the wetting layer forms small nanocrystals on the top of the
wetting-layer. These small nanostructures may have sometimes a shape of
a pyramid. Because of the shape and the size these small structures are
called quantum dots. The process stops at some size of the nanocrystals
and at some remaining thickness of the wetting-layer. The final state is a
result of an enegretic equilibrium in the whole system of the interatomic
forces of the system. In order to prevent the mutual transfer of the mat-
terial between the wetting layer and the quantum dots after the growth
is ended, all the structure is covered from the top by a capping layer of
a material, which can be similar to the substrate material. In this struc-
ture the electrons appear to be localized in the quantum dots. In order to
overcome this localization they either have to gain an energy to transfer to
the capping layer, or they need to get an energy sufficient for to transfer
to the lowest energy states in the very thin weting layer. Because of the
small thickness of the wetting layer, the lowest energies in this structure
are rather large. Usually however, the lowest energetic barrier for the elec-
tron to leave the quantum dot is that to the wetting layer. The density of
the quantum dots, with which they are distributed on the surface of WL,
depends on the technological conditions of the Stranski-Krastanow process.
The wetting-layer is a quasi-two dimensional quantum well nanostruc-
ture. In the SAQD sample the electrons of the quantum dots are expected to
be coupled to electronic states of the wetting layer. The complete orthonor-
mal set of the electronic states in the quantum dots and in the wetting layer
depend on the details of the geometry of the SAQD sample. Realizing that
besides the WL extended states there are also other extended states in the
real sample, namely those associated with the substrate and capping layers
[4], which may be energetically not very far from the wetting-layer states,
and in order to simplify the theory, we shall assume that the wetting layer is
a three-dimensional subsystem with the electronic states extended through-
out the whole SAQD sample. The impact of this dimensionality assumption
can be verified by recalculating the present results with a two-dimensional
wetting layer assumption. This will be postponed to a further work. Our
model, using the three-dimensional wetting-layer continuum, may there-
fore correspond better to the vertically coupled three-dimensional stacks of
the quantum dots [26], or, to the Volmer-Weber island growth technology
without the wetting layer (see e. g. [27]).
We shall approximate the electronic bound states in the individual dots
by the electronic eigenstates in the three dimensional infinitely deep quan-
tum wells. Although we shall assume that the density of the quantum dots
5in the sample is rather high, namely 8×1021m−3, which by the mean inter-
dot distance corresponds to the usual two-dimensional density of quantum
dots in the measured samples [13], we shall assume that the single elec-
tron states in the individual quantum dots are mutually orthogonal. In this
work, confining ourselves to the basic estimates, we shall need to consider
only one bound state per a single dot. In real samples, the individual quan-
tum dots have only a finite potential depth. In our model we shall therefore
assume that the single-electron spectrum in a quantum dot is shifted by a
certain energy, so that the energy of the bound state under consideration is
positioned in the sub-wetting layer region of electronic energy and we shall
neglect the other bound states in the dots.
The electronic motion in the WL states can be approximated by plane
waves, with the electronic energy Ek = h¯
2 | k |2 /(2m), m being the elec-
tron conduction band energy in GaAs. The plane waves together with the
bound states would not make an orthogonal set of states. The problem of
nonorthogonality of the basis can be approximately avoided upon restrict-
ing the magnitude k of the electron wave vectors k in the WL states to
the values k ≪ km. In this work we shall assume that the electronic wave-
length corresponding to km is 1.5 ∗ d, d being the lateral size of the cubic
quantum dot. We assume d = 20 nm. In GaAs this assumption limits the
WL electronic energy from above by about 24meV.
The restriction put on the extent of the WL space of states will be
utilized also in another context. We know little about the state of electronic
statistical distribution in the course of the experiment, so that we use a
simple assumption of the population of the WL states. Namely, we shall
assume that the quantum mechanical electronic WL states are populated by
electrons with a homogeneous density Nk, independent of the electron wave
vector. This homogeneity assumption simplifies the theoretical treatment in
a certain way. The overall density of of the WL electrons is then obviously
determined by Nk and km.
In the above specified single-electron basis the full Hamiltonian consists
of free electron Hamiltonian in the bound and WL states, He, free phonon
Hamiltonian, Hph, and the electron-phonon coupling H1 between them:
H = He +Hph,
He =
∑
i,n
Enc
+
i,nci,n +
∑
k
Ekc
+
k ck,
Hph =
∑
q
ELOb
+
q bq,
H1 =
∑
λ,µ,q
AqΦ(λ, µ,q)(bq − b
+
−q)c
+
λ cµ, (1)
6Here λ and µ are the indexes of single electron states, either (i, n), or k,
where i is the quantum dot number and n is the electron orbital number.
c and b are, respectively, electron and phonon annihilation operators, ELO
is phonon energy. The coupling constant is [19]
Aq = −ieq
−1[ELO(κ
−1
∞
− κ−10 ]
1/2(2ε0V )
−1/2. (2)
Here κ∞ and κ0 are, respectively, the high frequency and static dielectric
constants, ε0 is the permittivity of the free space, V is the volume of the
sample and e is the electronic charge. The form-factor in (1)
Φ(λ, µ,q) =
∫
d3rψ∗µ(r)e
iqrψλ(r). (3)
modifies the Fro¨hlich’s coupling to the case of quantum dot. Because the
Fro¨hlich’s coupling does not change the electron spin, we treat the electronic
subsystems with the given spin separately. The functions ψ are the single
electron orbitals in the SAQD sample. The terms of H1 corresponding the
Fro¨hlich’s coupling between two bound states localized in different quantum
dots will be considered as zero.
3. Spectral density
We shall calculate the electronic spectral density for the Hamiltonian spec-
ified above. This basic quantity will be used to compare the theoretical
results with some experimental data in photoluminescence, photolumines-
cence excitation and optical absorption experiments. The electronic spec-
tral density σi,n(E), E being the energy variable, is related to the retarded
Green’s function Gi,n(E) with help of the formula ρi,n(E) = −
1
piImGi,n(E).
Similarly, spectral densities and the corresponding Green’s functions Gk(E)
are introduced for the wetting layer electronic states.
The electronic Green’s function can be determined by the corresponding
electronic self-energy, Mi,n(E). Only the diagonal terms, in the electronic
orbital quantum number n, of the Green’s function and self-energies, will be
considered. The reader is referred to the earlier works on the electron energy
relaxation in individual quantum dots [21, 28, 29, 30]. The bound states
electronic self-energy in the self-consistent Born approximation reads:
Mi,n(E) =
∑
m
αn,m
{
1−Ni,m + νLO
E − Em −ELO −Mi,m(E − ELO)
+
Ni,m + νLO
E − Em + ELO −Mi,m(E + ELO)
}
+
∑
k
αn,k
{
1−Nk + νLO
E − Ek −ELO −Mk(E −ELO)
7+
Nk + νLO
E − Ek +ELO −Mk(E +ELO)
}
,
(4)
while for the wetting layer electrons we have:
Mk(E) =
∑
m
αk,k′
{
1−Nk′ + νLO
E − Ek′ − ELO −Mk′(E − ELO)
+
Nk′ + νLO
E − Ek′ + ELO −Mk′(E + ELO)
}
+
∑
i,s
αk,i,s
{
1−Ni,s + νLO
E − Es − ELO −Mi,s(E − ELO)
+
Ni,s + νLO
E − Es + ELO −Mi,s(E + ELO)
}
. (5)
Here i is the number of quantum dot, while n and s are the numbers of
electron bound state orbitals in the given dot. Ni,m is the number of elec-
trons in the m-th state if i-th quantum dot, Nk is the number of electrons
in the k-th state of the wetting-layer states and νLO is the population of
the optical phonon states of the sample, given here by the Bose-Einstein
distribution function. In these equations for the electronic self-energy, the
constants α are generally given by
αλ,µ =
∑
q
| Aq |
2| Φ(µ, λ,q) |2, (6)
where the summation extends over all optical phonon wave vectors q. The
above equations for the electronic self-energy are self-consistent. Generally,
they correspond to including an infinite number of terms of the self-energy
expansion in the powers of H1. The use of the self-consistency, correspond-
ing to the inclusion of the multiple-phonon scattering, proved important in
the case of the electron-energy relaxation among the discrete energy levels
of an electron in quantum dots [20, 21] and would be important when con-
sidering multiple bound states in a single dot, coupled via H1. Those terms
in the equations (4,5), corresponding to the scattering between one bound
state and one extended state, and those, corresponding to the scattering
of the electron between two extended states, will be included in the bare
Born approximation only.
Let us now specify the constants α in the three specific cases of the
choice of the electronic states. In the case when both λ and µ denote the
states localized in the same quantum dot, λ = (i, n), µ = (i,m), we find
that the corresponding constant αn,m = αm,n in the equation (6) does not
8depend on the quantum dot site index i. This is because the form-factor
depends on the site index i in the following way:
Φ((i,m), (i, n),q) = eiqrΨ(irr)(m,n,q), (7)
where the irreducible part of the form-factor is defined as
Ψ(irr)(m,n,q) =
∫
d3rψ∗(0,n)(r)e
iqrψ(0,m)(r). (8)
Here the site index 0 means the position of the quantum dot at the origin
of coordinates. We therefore drop out the site index i from the constant α
completely for the coupling between the bound states, and we have:
αnm =
∑
q
| Aq |
2| Ψ(irr)(m,n,q) |2 . (9)
The constant αn,k = αk,n, which characterizes the mutual coupling of
the bound and extended states, is determined with help of the form-factor
Φ((i, n),k,q) = V −1/2
∫
d3reikreiqrψm(r), (10)
V is the volume of the sample. When the electron wave vector k is put zero,
the latter integral is the Fourier transform of the electronic wave function.
Because this wave function is localized in the cube of the lateral dimension
d, the Fourier transform will be a function of q, the width of which in the
q-space will be about pi/d. Having confined our space of available extended
states to the plane waves the k-vectors of which fulfill the condition | k |≪
pi/d, we can expect that in the limit of k-vector going to zero, the magnitude
of k in the form-factor Φ((i, n),k,q) will not have any important influence
on the value of the corresponding constant α. In practice we will assume
that | k |≤ km, 2pi/km = 1.5× d. We get:
αn,k ≈ αn,k=0 =
∑∑
q
| Aq |
2| Φ(irr)(k = 0, n,q) |2, (11)
where
Φ(irr)(k = 0, n,q) = V −1/2
∫
d3reiqrψ0,n(r). (12)
It is then straightforward to get αn,k = Bn/V , where the constant Bn is
Bn =
e2ELO(κ
−1
∞
− κ−10 )
16pi3ε0
|
∫
d3qeiqrψ0n(r) |
2 . (13)
9In the equation (5), the term which introduces the coupling between
the extended states, is (we just rewrite the original Fro¨hlich’s coupling)
αk,k′ ≡
∑
q
| Aq |
2| Φ(k,k′,q) |2, (14)
with Φ(k,k′,q) = δk,k′,+q. Then αk′,k = Ck′−k/V , and
Ck′−k =
e2ELO(κ
−1
∞
− κ−10 )
2ε0 | k′ − k |2
=
p
| k′ − k |2
, (15)
defining the quantity p by this formula.
4. The influence of the wetting layer states
We shall now consider the influence of the wetting layer states on the spec-
tral density in the sub-wetting layer region of electronic energy. We have set
the bottom of the wetting layer states at the energy E = 0. The electronic
states localized in quantum dots are then at E < 0.
Inspecting the equations (4) and (5) we see that only some of the terms
at the right hand side give singularities of the self-energy in the sub-wetting
layer region, in the lowest order of iteration of these equations. These terms
are only the following ones: the term corresponding to the last fraction in
equation (4) and similarly the term containing the second fraction in equa-
tion (5). These terms bring phonon satellites into the electronic spectral
density at the sub-WL region. Also, these terms give a contribution, which is
proportional to the electronic population of the wetting-layer states, which
property appears to be connected with the presence of the discrete level
broadening in the sub-WL region [14].
The experiments, with which we wish to compare our results, are usually
performed at 10K. Therefore, we take νLO = 0 for the population of the
phonons. So that, unless the temperature of the lattice optical phonons is
increased substantially, the above self-energy terms are nonzero only when
there is a nonzero population of the wetting layer electron states. In the
present numerical estimates we shall assume a rather large population in
the wetting-layer states. The mechanism of achieving such a WL population
is not discussed here in any detail. The large population of the WL states
corresponds to the numerical estimates in the experimental papers [14].
4.1. A SINGLE BOUND STATE
Let us see the influence of the wetting layer states on the spectral density of
a single bound electronic state. Let us assume the simple case, when there
is only a single bound state in every quantum dot, which we denote as the
10
−35 −30 −25 −200
0.2
0.4
0.6
0.8
1
Energy  (meV)
Sp
ec
tra
l d
en
sit
y 
 (1
/m
eV
)
Figure 2. Spectral density σn(E) of the bound state of a single quantum dot interacting
with the wetting-layer states at the WL polulation: Nk =0.25 (dotted line), 0.5 (dashed)
and 0.75 (full).
state n = 2, the energy of which will be denoted as E2 and E2 = −ELO+η.
The parameter η determining the position of the bound state energy level
is chosen to be 10meV. In this work we use the material parameters of
Gallium Arsenide. Namely, the electron relative effective mass is 0.067, the
static dielectric constant is κ0 =12.91 (SI units) and the high frequency
dielectric constant is κ∞ =10.91. The bulk crystal phonon energy in GaAs
is 36.2meV. The wave function of this state will be assumed to be that of
an electron in one of the states of the triply degenerate first excited energy
level of an infinitely deep cubic quantum dot with the lateral size d. Namely,
this wave function is
ψ02(r) = (2/d)
3/2cos(pix/d)cos(piy/d)sin(2piz/d) (16)
(reminding that the index 0 means the wave function placed at the ori-
gin of coordinates). The natural line width of the spectral density of the
bound state is taken here to be ∆ = 0.05meV. The same natural line-width
is assumed for the states in the wetting-layer. This means that the spec-
tral density of the unperturbed bound state would be a Lorenzian, having
the halfwidth of 0.05meV, being placed at the energy −ELO + 10meV.
The electronic self-energy term, expressed in the Born approximation to
the coupling between the bound state ψ02 and the WL states, and being
11
proportional to the WL population at low temperatures, is simply
Mn(E) =
∑
k
αn,k
Nk
E −Ek + ELO + i∆
. (17)
We omit the index of the quantum dot here. As said above, we assume
here that the population of the WL states Nk is constant for all Nk. Under
the above made assumption, according to which the wetting-layer states
k-vector magnitude is restricted to be not larger than km, this means that
the average density of the electrons (of both spins) is about 1.5×1023m−3
for Nk = 0.5. We assume that the electrons occupy only the WL states.
Reminding the above introduced approximation, according to which the
wavevector dependence of the constant αn,k is neglected, the integral in the
equation (17) can be integrated analytically [31]. The result of the numerical
evaluation of the electronic spectral density σn(E) of the electronic state
n = 2, bound in a quantum dot, is presented in Fig. 2 for three values of the
population of the wetting layer states. The spectral peak of the bound state
is broadened, from the unperturbed value of the full width at half maximum
being 0.1meV, to the value of about 2meV. This spectral width is of the
same order of magnitude as it may be found in the experimental papers
(see e. g. [14]. The Figure 2 shows the trend of the discrete state spectral
density to broaden with the increase of the wetting layer states population.
This behaviour of the bound state line-width appears to be in accord with
the experiment [14]. The purpose of the present study is to pay attention
to the main features of the effects under consideration. From this reason we
use the material parameters of GaAs, as a typical material among the polar
semiconductors. The quantum dot samples studied in experiment are often
the InGaAs quantum dots, and the corresponding weting layer, both grown
on the substrate of GaAs. Although the parameters characterizing InGaAs
are rather similar to those of GaAs, we nevertheless do not compare our
results quantitatively with the experiment. In the case of the bound state
energy level broadenig, the reader is referred to the paper [14], namely to
the Figure 3 in that paper, for the experimental data on the level broadening
as it depends indirectly on the WL electron density. Let us emphasize that
in the experimental works, with which we compare our results, the optical
spectra are obtained in such a way, that the they are measured in the limit
of a single dot measurement and therefore the inhomogeneous broadening
of the optical spectra is avoided. In this sense, we can therefore compare the
experimental data with our ”homogeneously” broadened theoretical shape.
Besides the broadening of the discrete electronic level, the coupling
of the bound state to the WL states tends to give a weak continuous
background. Quantitatively, this background appears rather weak at the
presently used values of the input parameters of the material, quantum dot
12
size and shape, and at the present assumption about the populated states
in the wetting-layer continuum. We may conclude that, the interaction of
the bound state in the dot with the wetting layer states, under rather high
population per quantum mechanical state, leads mainly to the bound state
level broadening in the sub-wetting layer region.
4.2. PHONON SATELLITE OF THE WETTING LAYER STATES
We do not pay attention to the changes of the spectral density in the WL
region, which come from the coupling of the WL states to the bound states.
In the absence of the quantum dots in the sample, the electron-phonon in-
teraction between the wetting-layer states leads, as it is well known [32],
to the formation of the polaron state of an electron, in which the electron
is wrapped by the cloud of the optical phonons. The depth of the effec-
tive electronic polaron potential hole in the crystal of GaAs may be about
2.5meV [19]. In this case the spread of the polaron cloud may be estimated
as several tens of nanometers. When the density of the quantum dots in
the sample is large enough, so that the inter-dot separation is compara-
ble to the size of the polaron, the existence of the polaron states may be
not well established. In an overall agreement with the current experiments
[4, 14] we shall assume the density of the quantum dots in the sample to
be 8×1021m−3. Realizing that the polaronic spectral density peak would
be only about several meV below the low-energy edge of the wetting-layer
states in GaAs, and having in mind the intention to study a mechanism
leading to the appearance of a broad continuous spectral density in the
broad range of energy from about E = −ELO until the wetting-layer edge
E = 0, we shall leave the question of the polaron effect of the carriers in
the WL states open and give our attention to that term in the equation (5),
which is at T = 0 proportional to the electronic population of the wetting
layer Nk.
That term of the self-energy of the wetting-layer state k, which is pro-
portional to the wetting-layer population, will be in the lowest order ap-
proximation:
Mk(E) =
∑
k′
αk,k′
Nk′
E − Ek′ + ELO + i∆
. (18)
Substituting for αk,k′ we get
Mk(E) =
1
(2pi)3
∫ ∫ ∫
d3k′
p
| k′ − k |2
Nk′
E + ELO − Ek′ + i∆
. (19)
13
−40 −30 −20 −10 00
0.1
0.2
0.3
0.4
Energy  (meV)
Sp
ec
tra
l d
en
sit
y 
 (1
/m
eV
)
Figure 3. The full and the dash-dot lines give, respectively, the spectral densities of the
phonon satellite of the wetting-layer states σtot(E), related to a single quantum dot, and
the spectral density σn(E) of the discrete state of a single dot, both computed for the
wetting-layer population Nk = 0.75. The dashed line is the spectral density of the phonon
sattelite of the WL states σtot(E) computed for the WL states population Nk = 0.5.
The integration is extended over the range of k < km. Changing the inte-
gration variable from k′ to w = k′ − k, we get
Mk(E) =
1
(2pi)3
∫ ∫ ∫
d3w
p
| w |2
Nw+k
E + ELO − Ew+k + i∆
. (20)
When going to the spherical coordinates, the factor | w |2 in the denomina-
tor cancels with the factor coming from the Jacobian of the transformation.
In the rest of the integrand we shall make the approximation of ”forward
scattering”, which will consist in neglecting the scattering vector w inNw+k
and in Ew+k. The integration limits obviously must obey simultaneously
the complicated condition of | k |< km and | w + k |< km. We shall sub-
stitute this condition by the condition | w |< km which is obviously exact
in the limit of k = 0. The preliminary detailed numerical evaluation of
the integral shows, that the simplified evaluation of the integral in (20) is
plausible.
The above introduced approximations allow for obtaining the following
simple approximate analytical form of the self-energy, namely,
Mk(E) =
γ
E + ELO − Ek + i∆
, (21)
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in which γ = pkmNk/(2pi
2). The distribution of the electrons in all the
wetting-layer states k is constant and equal to Nk.
The Green’s function of the state k in the wetting layer then is:
Gk(E) =
1
E −Ek −
γ
E+ELO−Ek+i∆
+ i∆
. (22)
Looking for the approximate single pole behaviour of this Green’s func-
tion in the region of energy E ≈ ELO, we find the following approximate
expression of the wetting-layer electron Green’s function:
Gk(E) =
γ/E2LO
E + ELO − Ek + i∆
. (23)
Summing up all the satellite spectral densities of the individual WL states
k within the range of k < km gives the total spectral density σtot(E) of all
the extended states. The total spectral density of the phonon satellite of
the WL states, related to a single quantum dot, is displayed in the Fig. 3 for
the values 0.5 and 0.75 of the population Nk. In the same graph the single
dot bound state spectral density for Nk = 0.75 is displayed for the purpose
of comparing the spectral density of the single dot bound state spectral line
with the spectral density of the phonon satellite per one quantum dot.
The total spectral density of the WL satellite, σtot(E), is proportional to
the first power of the WL population Nk, while the integral of the discrete
state σn(E) is constant and equal one. Therefore, increasing the WL pop-
ulation leads to a relative weakening of the discrete state spectral density
with respect to the σtot(E). A similar trend is observed in the experimental
paper [14], in which the discrete peaks in the sub-wetting layer region of
the spectra appear to weaken with respect to the continuous background
signal, when the WL population increases.
In the present model of the SAQD sample, the set of the WL states
included in the theory is identical with the set of states which are populated
with nonzero Nk. Only these states contribute then to the formation of the
phonon satellite of the WL states. This may lead us to expect, that the
experimental spectra of the sub-WL optical response might be influenced
also by the distribution function of the population of the WL states.
In the present approach the WL satellite continuum is found in the inter-
val of energy (−ELO, 0), while in the experiment the continuous background
may be observed even at the lower energy side of this energy interval. We
expect that our model may give the extended range of the continuum upon
going to higher orders in the iterative solution of the equations (4,5).
The numerical estimate of the dimensionless quantity γ/E2LO gives the
value of about 2.8×10−2. The spectral density of the wetting layer satellite
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should thus be about 36 times smaller than that of the WL spectral density
itself. This number is not easy to compare with the available experimental
data, see e. g. [33], because, e. g., we have to be aware of the fact that the
optical spectra may be not simply proportional to the spectral densities
and also, because our model, assuming the three dimensional wetting layer,
may not allow for such a direct comparison of these spectral densities.
5. Conclusions
The present numerical estimate shows that the Fro¨hlich’s mechanism of
the electron-phonon coupling in the self-assembled quantum dot samples
can contribute considerably to the spectral features observed in the PLE
experiments, providing that the population of the electrons in the wetting-
layer states is sufficiently large. The optical signal in the sub-wetting layer
region of the excitation energy can be expected to have a twofold origin.
First, the energy levels of the bound states are broadened by the coupling
to the populated WL states. Second, there is a continuous background in
the sub-WL region, which is ascribed to the low-energy phonon sattelite of
the wetting-layer states and which intensity increases linearly with the WL
population.
The present conclusions, saying that the electron-LO-phonon coupling
can provide the explanation of the continuous features in the optical spec-
tra, do not mean an exclusion of other contributions, like the direct carrier-
carrier coupling. These effects remain to be considered in detail, together
with the influence of the polaron states and the dimensionality of the WL
states.
Acknowledgements
The work was supported by the grants IAA1010113, OCP5.20, RN19982003014
and by the project AVOZ1-010-914.
References
1. Yoffe, A. D. (2001) Semiconductor quantum dots and related systems: electronic,
optical, luminescence and related properties of low dimensional systems, Adv. Phys.
50, 1-208.
2. Mittleman, D. M., Shoenlein, R. W., Shiang, J. J., Colvin, V. L., Alivisatos A.
P., and Shank, C. V. (1994) Quantum size dependence of femtosecond electronic
dephasing and vibrational dynamics in CdSe nanocrystals, Phys. Rev. B 49, 14435-
14447.
3. Banin, U. Cerullo, G., Guzelian, A. A., Bardeen, C. J., Alivisatos, A. P., Shank, C.
V., (1997) Quantum confinement and ultrafast dephasing dynamics in InP nanocrys-
tals, Phys. Rev. B 55, 7059-7067.
16
4. Toda, Y., Moriwaki, O., Nishioka, M., and Arakawa, Y. (1999) Efficient carrier
relaxation Mechanism in InGaAs/GaAs self-assembled quantum dots based on the
existence of continuum states, Phys. Rev. Lett. 82, 4114-4117.
5. Hinooda S., Loualiche, S., Lambert, B., Bertru, N., Paillard, M., Marie, X., and
Amand, T. (2001) Wetting layer carrier dynamics in InAs/InP quantum dots, Appl.
Phys. Lett. 78, 3052-3054.
6. Schmidt, K. H., Medeiros-Ribeiro, G., Oestreich, M., Petroff, P. M., and Do¨hler, G.
H. (1996) Carrier relaxation and electronic structure in InAs self-assembled quantum
dots, Phys. Rev. B 54, 11346-11353.
7. Steer, M. J., Mowbray, D. J., Tribe, W. R., Skolnick, M. S., Sturge, M. D., Hopkin-
son, M., Cullis, A. G., Whitehouse, C. R., and Murray, R. (1996) Electronic energy
levels and energy relaxation mechanisms in self-organized InAs/GaAs quantum dots,
Phys. Rev. B 54, 17738-17744.
8. Hessman D., Castrillo, P., Pistol, M.-E., Pryor, C., and Samuelson, L. (1996) Excited
states of individual quantum dots studied by photoluminescence spectroscopy, Appl.
Phys. Lett. 69, 749-751.
9. Heitz, R., Veit, M., Letentsov, N. N., Hoffmann, A., Bimberg, D., Ustinov, V. M.,
Kop’ev, P. S., and Alferov, Zh. I. (1997) Energy relaxation by multiphonon processes
in InAs/GaAs quantum dots, Phys. Rev. B 56, 10435-10445.
10. Ledentsov, N. N., Ustinov, V. M., Shchukin, V. A., Kop’ev, P. S., and Alferov,
Zh. I., (1998) Quantum dot heterostructures: fabrication, properies, laser (Review),
Semiconductors 32, 343-365.
11. Sauvage S., Boucaud, P., Ge´rard J.-M., and Thierry-Mieg, V. (1998) Resonant exci-
tation of intraband absorption in InAs/GaAs self-assembled quantum dots, J. Appl.
Phys. 84, 4356-4362.
12. Lemaˆitre, A., Ashmore, A. D., Finley, J. J., Mowbray, D. J., Skolnick, M. S., Hop-
kinson, M., Krauss, T. F. (2001) Enhanced phonon-assisted absorption in single
InAs/GaAs quantum dots, Phys. Rev. B 63, R161309-R161312.
13. Finley, J. J., Ashmore, A. D., Lemaˆitre, A., Mowbray, D. J., Skolnick, M. S., Itske-
vich, I. E., Maksym, P. A., Hopkinson, M., Krauss, T. F. (2001) Charged and neutral
exciton complexes in individual self-assembled In(Ga)As quantum dots, Phys. Rev.
B 63, 073307-073310.
14. Nakaema, M. K. K., Brasil, M. J. S. S., Iikawa, F., Ribeiro, E., Heinzel, T.,
Ensslin, K., Medeiros-Ribeiro, G., Petroff, P. M., Brum, J. A. (2002) Micro-
photoluminescence of self-assembled quantum dots in the presence of an electron
gas, Physica E 12, 872-875.
15. Gelmont, B. L. (1978) Three-band Kane model and Auger recombination, Zh. Eksp.
Teor. Fiz. 75, 536-544.
16. Kempa, K., Bakshi, P., Engelbrecht, P., Zhou, Y. (2000) Intersubband electron
transitions due to electron-electron interactions in quantum well structures, Phys.
Rev. B 61, 11083-11087.
17. Morris, D., Perret, N., and Fafard, S. (1999) Carrier energy relaxation by means of
Auger processes in InAs/GaAs self-assembled quantum dots Appl. Phys. Lett. 75,
3593-3595.
18. Kra´l, K., Kha´s, Z., Zdeneˇk, P., Cˇernˇansky´, M., and Lin, C. Y. (2001) Electron-
energy relaxation in polar semiconductor double quantum dots, Int. J. Mod. Phys.
27, 3503-3512.
19. Callaway, Joseph (1974) Quantum theory of the solid state, Academic Press, New
York.
20. Kra´l, K., and Kha´s, Z. (2001) Femtosecond to picosecond electron-energy relaxation
and Fro¨hlich coupling in quantum dots, arXiv:cond-mat/0103061.
21. Tsuchiya, H., Miyoshi, T. (1998) Nonequilibrium Green’s function approach to high-
temperature quantum transport in nanostructure devices, J. Appl. Phys. 83, 2574-
2585.
17
22. Kra´l, K., and Kha´s, Z. (2000) Homogeneous linewidth of optical transitions and
electronic energy relaxation in quantum dots, Optical Properties of Semiconductor
Nanostructures, pp. 405-420. Proceedings of the NATO SCIENCE PARTNERSHIP
SUB-SERIES: 3: ”High Technology”, vol. 81. Kluwer Academic Publishers, Dor-
drecht 2000.
23. Kra´l, K., Kha´s, Z., and Lin, C. Y. (2001) Optical line-shape and electronic energy
relaxation in quantum dots Phys. Status Solidi B 224, 453-456.
24. Mensˇ´ık, M. (1995) Nonradiative recombination of a localized exciton, J. Phys. Con-
dens. Matter 7, 7349-7366.
25. Ru¨cker, H., Molinari, E., and Lugli, P. (1991) Electron-phonon interaction in quasi-
two-dimensional systems, Phys. Rev. B 44, 3463-3466.
26. Ledentsov N. N., Shchukin, V. A., Grundmann, M., Kirstaedter, N., Bo¨hrer, J.,
Schmidt, O., Bimberg, D., Ustinov, V. M., Egorov, A. Yu., Zhukov, A. E., Kop’ev,
P. S., Zaitsev, S. V., Gordeev, N. Yu., Alferov, Zh. I., Borovkov, A. I., Kosogov,
A. O., Ruvimov, S. S., Werner, P., Go¨sele, U., and Heydenreich, J. (1996) Direct
formation of vertically coupled quantum dots in Stranski-Krastanow growth, Phys.
Rev. B 54, 8743-8750.
27. Matsumura, N., Kimura, Y., Endo, H., Saraie, J. (2000) Self-assembling CdTe quan-
tum dots on ZnSe by alternate supplying and molecular beam epitaxial method, J.
Crystal Growth 214, 694-697.
28. Kra´l, K., Kha´s, Z. (1997) Hot-electron relaxation rate in quantum dots, Phys. Stat.
Sol. B 204, R3-R4.
29. Kra´l, K., and Kha´s, Z. (1998) Electron self-energy in quantum dots, Phys. Rev. B
57, R2061-R2064.
30. Kra´l, and Kha´s, Z. (1998) Absence of phonon bottleneck and fast electronic relax-
ation in quantum dots, Phys. Stat. Sol. B 208, R5-R6.
31. Dwight, H. B. (1961) Tables of integrals and other mathematical data, 4th ed., The
Macmillan Company, New York.
32. Mahan, G. D. (1990) Many-Particle Physics, 2nd ed., Plenum Press, New York.
33. Heitz, R., Veit, M., Ledentsov, N. N., Hoffmann, A., Bimberg, D., Ustinov, V. M.,
Kop’ev, P. S., Alferov, Zh. I. (1997) Energy relaxation by multiphonon processes in
InAs/GaAs quantum dots, Phys. Rev. B 56, 10435-10445.
